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a, Universit�a di MessinaSalita Sperone, 31, 98166 Messina, Italye-mail: rfazio�dipmat.unime.itAbstra
t. In [SIAM Rev., 40 (1998) 616{635℄, we emphasized the relevan
e ofa 
ombination of similarity and numeri
al analysis for the numeri
al solution ofmoving boundary hyperboli
 problems. Here we report on results obtained for oneproblem of the above 
lass that is singular at the moving boundary.1 Velo
ity impa
t to a thin rodWe pointed out in [3℄ the relevan
e of a 
ombination of similarity and nu-meri
al analysis for the numeri
al solution of moving boundary hyperboli
problems. Here we report on results obtained for one problem of the above
lass that is singular at the moving boundary: namely, the problem of a timedependent velo
ity impa
t to a thin rod [5,1,2℄.
Fig. 1. S
hemati
 representation of the one-dimensional rod.We 
onsider a thin rod at rest and, at the initial time, we apply a velo
ityimpa
t at one end of it, for instan
e, by striking the rod with a hammer.We assume that the transverse movements of the rod are negligible withrespe
t to the longitudinal ones, that is the strike has approximately thesame dire
tion of the longitudinal axis. In Fig. 1 a generi
 element of therod with density �0 = 
onst is denoted by the Lagrangian 
oordinate x and? This work is dedi
ated to the memory of Andrea Donato.
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ardo Faziox+dx. The same element, at some time t > 0, is shown between the Eulerian
oordinates u(x; t) and u+du and its density is now �(x; t). Newton's equationfor this element is given by�0 dx �2u�t2 = �(x; t)� �(x + dx; t) ; ) �0 �2u�t2 = ����x ;where � indi
ates the stress of the rod. The stress 
an be related to the straine(x; t) = ��u�x (x; t) ;by the 
onstitutive law used to model the behaviour of rubbers and of somemetals � = E0 e1=q ;where E0 and q are 
onstants with q 6= 0. By using the above relations we�nd that �2u�t2 + E0�0 ��x ���u�x�1=q = 0 ; (1)is the equation governing the longitudinal movement of the rod to be 
onsid-ered along with the initial and boundary 
onditionsu(x; 0) = 0; �u�t (x; 0) = 0; xw(0) = 0 ;�u�t (0; t) = V0 t� ; u(xw(t); t) = 0 ; (2)�u�x (xw(t); t) = �"E0�0 q�dxwdt �2#q=(1�q) ;where xw(t) represents the unknown moving boundary, V0 and � are 
onstantswith � � 0. The initial 
onditions are related to a rod at rest, the �rstboundary 
ondition is due to the time dependent velo
ity impa
t, the se
ondis obvious and the last one was derived in [5℄.2 Similarity analysisThe problem (1-2) is invariant with respe
t to the s
aling groupx� = �
 x ; xw� = �
 xw t� = � t u� = �� u ;provided that the 
onditions � = �+ 1 ;
 = 1� �(q � 1)=(q + 1) ;



A Moving Boundary Hyperboli
 Problem 3are ful�lled. Therefore, we 
an de�ne the similarity variables� = x t�
 ; �w = xw(t) t�
 ; f(�) = u(x; t) t�(�+1) ;and note that the partial derivatives transform as follows��t = �
 t�1 � dd� ; ��x = t�
 dd� ; ���t = �
 �t :By taking into a

ount the above relations we 
an get from (1)-(2) the ordi-nary di�erential problem"E0�0 1q ��dfd��(1�q)=q � 
2 �2# d2fd�2 � 
 (
 � 2�� 1) � dfd� +� � (�+ 1)f = 0 ;f(0) = V0=(�+ 1) ; (3)f(�w) = 0; dfd� (�w) = � � �0E0 q 
2 (�w)2�q=(1�q) :Note that, at the boundary x = 0 we have u(0; t) = t�+1 f(0), so that the �rstboundary 
ondition de�nes the value of f(0). The problem (3) is a singularfree boundary value problem, where �w represents the unknown free bound-ary. The governing di�erential equation and the two boundary 
onditions atthe free boundary in (3) are invariant with respe
t to the following s
alinggroup �� = �Æ �; �w� = �Æ �w; f� = � f ;where Æ = (1� q)=(1 + q).3 Numeri
al treatment and validationFor the numeri
al solution of (3) we apply the non-iterative transformationmethod [4℄. A straightforward appli
ation of the method is not possible be-
ause the problem is singular at the free boundary. However, we 
an resort tothe 
on
ept of dis
rete perturbation stability analysis. To this end, insteadof the exa
t boundary 
onditions in (3, we 
onsider f�(�w�) = 0 anddf�d�� (�w�) = � � �0E0 q 
2 (�w�)2�q=(1�q) + �� ; (4)where j��j � 1.A �rst numeri
al integration of the governing equation written in thestarred variables inwards on [0; �w� = 1℄ with initial 
onditions f�(�w�) = 0and (4), allows us to 
ompute the values of� = f�(0)=f(0) ; �w = ��Æ �w� ; and dfd� (0) = ��2q=(q+1) df�d�� (0) :
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ardo FazioIn general the 
ondition j��j � 1 will not imply that j�j � 1, so that we must
he
k if the value � = ��2q=(1+q) ��veri�es the latter 
ondition. The obtained value of dfd� (0) 
an be used, alongwith the initial 
ondition f(0) = V0=(�+1), for a se
ond numeri
al integrationof the governing equation forward on [0; �w℄. Within this se
ond integrationwe 
an verify a posteriori that the problem is stable with respe
t to variationsof the boundary data, that is, we require that the 
omputed solution veri�esthe 
onditions:f(�w) � 0 ; and dfd� (�w) � � � �0E0 q 
2 (�w)2�q=(1�q) : (5)4 Numeri
al results
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Fig. 2. Left frame: q = 1=3; E0=�0 = 1; V0 = 1 and � = 1. Right frame: q =1=5; E0=�0 = 1; V0 = 1 and � = 1=10.Figure 2 displays two sample 
omputations: for the left (right) framewe used �� = �10�6 (�� = 10�6) and found �w = 0:6008 with j�j < 10�6



A Moving Boundary Hyperboli
 Problem 5(�w = 1:1205 with � < 2 � 10�6). The lo
ation of the free boundary �wis marked in Fig. 2 by a dashed line. The self-similarity of the obtainednumeri
al solutions is evident. Moreover, both frames of Fig. 2 show thevalidation of the obtained numeri
al results a

ording to the relations (5).
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Fig. 3. Sample 
urves xw(t) for di�erent values of V0 with �xed q = 1=3; E0=�0 = 1and � = 1.In Fig 3 we display the evolution of the moving boundary xw(t) for di�er-ent time impa
ts within the same rod. We 
an easily verify that the strongerthe impa
t (for in
reasing values of V0) the faster the evolution.From a pra
ti
al point of view, our experien
e suggests that when dealingwith singular free boundary problems we must apply a sti� solver. We usedthe ODE15s routine of the re
ent MATLAB ODE suite developed by Shampineand Rei
helt [6℄ and available with the latest MATLAB releases.Referen
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